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Abstract. This article analyzes the connectivity of multihop radio ne tworks in a log-normal
shadow fading environment. Assuming the nodes have equal transmission capabilities and are
randomly distributed according to a homogeneous Poisson process, we give a tight lower bound
for the minimum node density that is necessary to obtain an al most surely connected subnetwork
on a bounded area of given size. We derive an explicit expresin for this bound, compute it in
a variety of scenarios, and verify its tightness by simulati on. The numerical results can be used
for the practical design and simulation of wireless sensor and ad hoc networks. In addition, they
give insight into how fading a ects the topology of multihop networks. It is explained why a high
fading variance helps the network to become connected.

Keywords: Wireless multihop networks, wireless sensor networks, ad hoc networking, connec-
tivity, node isolation.

1. Introduction and Motivation

There has been a tremendous amount of research on self-orgaimg wireless
multihop networks during the last few years. In such networks, the mobile de-
vices communicate with each other in a peer-to-peer fashionvithout the need
for base stations or any other pre-existing network infrastucture. If two devices
cannot establish a direct wireless link | because they are too far away from each
other|devices in between act as relays to forward the data from the source
to the destination. In other words, each device acts as both anobile terminal
and a node of the network. The fact that multihop networks can be estab-
lished \on the y" gave them the name \ad hoc networks." This ¢ ommunication
paradigm is especially useful to establish spontaneous nsbrks among mobile
computers, sensor networks for environmental monitoring,and car networks for
telematics applications.

This article investigates the topology of such networks. The multihop paradigm
creates a topology with characteristics that are quite di erent from those of a
cellular network. This is especially apparent if we considethe connectivity among
the devices. While a mobile device in a cellular system is \conected" if it has
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a wireless link to at least one base station, the situation ina wireless multihop
network is more complicated, since each single mobile dewccontributes to the
connectivity of the entire network. In fact, the level of connectivity among devices
depends on their spatial density, transmission and receptin capabilities, and the
characteristics of the wireless channel.

One of the rst papers related to connectivity issues in wirdess multihop net-
works was [7]. It investigated how far a node's broadcast mesge percolates if the
nodes are randomly distributed according to a homogeneousd?sson point process
on an in nitely large area. Another early paper [22] addres&d connectivity issues
for nodes that are randomly distributed according to a uniform probability distri-
bution on a one-dimensional line segment. More recently, Gpta and Kumar [15]
performed a fundamental study on the connectivity of uniformly distributed nodes
on a circular area. Further analytical investigations of the connectivity in bounded
areas were made by Santi and Blough [26, 27], Bettstetter [Z], and Desai [9].
Dousseet al. [11] considered nodes on an in nite line and gave an expressi for
the probability that two nodes with a given distance can establish a multihop
path between them.

All these papers study connectivity-related properties by employing a very
simple model to characterize the wireless channel: two nodeare linked together,
if and only if they are not further apart than a certain thresh old distancerg (see
Fig. 1 a). Such a purely geometric model is only su cient as long as deterministic,
distance-dependent channel models are considered. It is Wd&nown, however, that
the wireless channel can be modeled in a more realistic manneMost important,
one should consider its randomness induced by shadowing ecés that are caused
by obstacles. It was shown, for example, in [28,29] that a ma accurate modeling
of the physical layer is indeed important in network-level research on wireless
multihop networks.

® ®
Oi
a. Purely geometric link model b. Shadow fading link model

Figure 1. lllustration of link models and resulting network topologi es
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This observation is our motivation to investigate the network connectivity with
consideration of shadow fading. We are interested in the qustion: How does
shadow fading change the connectivity properties? Clearlyby considering fading,
the distance between two nodes is no longer su cient to detemine whether these
nodes establish a link or not. A node's transmission range, hich was assumed
to be a xed parameter rg in previous research, becomes a stochastic parameter.
Hence, the connectivity analysis becomes more complex.

Our contributions are as follows: Section 2 explains the usd network model,
including the channel model with shadowing. Section 3 addreses connectivity
from the local viewpoint of a node: it analyzes the number of mrighbors that a
node has; in particular, it gives the probability that a node is isolated P (iso),
i.e., the node has no wireless link to any other node. Sectiod includes the main
results of this article. It studies the overall connectivity of a subnetwork on a
given subregion. We derive a tight bound for the critical node density that is
needed to achieve, with high probability P (con) = 99 %, a connected subnetwork.
In addition to the theoretical derivation, we compute the critical density in a
variety of practical scenarios and interpret the results. We observe that fading
has signi cant impact on connectivity properties. The analysis is accompanied
by simulation results that validate the theory and show that the derived bound
is very tight. Finally, Section 5 addresses the applicationand usefulness of our
results and outlines ideas for future research.

2. System Model

2.1. Spatial Node Distribution

The spatial distribution of the nodes is given by a random pont process on
an in nitely large system plane. We use a homogeneous Poiseopoint process
of density nodes per unit area. This process is de ned by the following wo
properties [8]:

The number of nodesN in each nite subarea A of sizekAk = A follows a
Poisson distribution, i.e.,
n

P (nnodesinA) = P(N = n) = e in2No; 1)

with an expected valueEfNg= = A.
The number of nodesN; in disjoint (non-overlapping) areas A, i 2 N, are

independent random variables, i.e.,

Y
P(lenl"NZ:ng":::"N :n): P(Ni:ni): (2)
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Figure 2. lllustration of Poisson distributed nodes

We denote this process as being homogeneous, ifis constant over the entire
in nitely large area. In other words, the outcome of the random variable N only
depends on the size of the subareA but not on its particular location or shape.
Figure 2 illustrates a square subarea of a homogeneous Paispoint process.

Recall that a homogeneous Poisson point process can be redad as the lim-
iting case of a uniform distribution of n nodes on an area of sizé&, asn and A
tend to in nity but their ratio = n=A remains constant.

2.2. Wireless Channel Model

To describe the used channel model, we consider two nodes and v that are
located at a relative distances(u;v). Node u transmits a signal with power p;(u),
and nodev receives the signal with powerp, (v). The signal attenuation between
the nodes is de ned as

pr(u)
u;Vv) = : 3
(u;v) or ) 3)
This can be expressed in terms of dB as
(u)
u;v) =10lo dB: 4
(u;v) 910 b (V) (4)

In a shadow fading environment, (u;v) comprises two components: a de-
terministic geometric component 1(u;v) and a stochastic component ,. The
geometric component is given by

s(u;v)

1(u;v)= 10log;o dB (5)
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a. Purely geometric link model b. Shadow fading link model
(w=69dB, =3, =0) ( n=69dB, =3, =4

Figure 3. Network topology with =4:375 10 ®m 2 on 4000 4000 n? with ro =200 m

with pathloss exponent . The stochastic component , is chosen from a log-
normal probability density function [13, 24]. Hence, , in dB is chosen from a
normal probability density function, i.e.,

|

1 2"
fo(2=p—ep 5% (6)

Typical values for the standard deviation range up to 10 dB [13]. The total
attenuation is

(uv)= a(uv)+ 2 (")

Nodev receives the signal of node properly, if p; (V) is larger than or equal to a
certain threshold power py.t, (v), denoted as receiver sensitivity. Ifp; (V)  prin (V),
we say that nodeu establishes a wireless link to node. In the following, we assume
that channels are symmetric and all nodes have the samp; and pr.i, . All links
are thus considered as being undirected. Two nodes that have link between each
other are called neighbors in the network topology.

Figures 1b and 3b illustrate example topologies generated ybthe shadow
fading model. Due to the random component, the following twoevents are now
possible: there may be

a link between two nodes that are more thanry away from each other;

no link between two nodes that are located within distancerg.
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Using =0, we obtain the purely geometric link model (see Fig. 3a).

3. Link Probability and Node Degree

3.1. Link Probability Between Nodes

For given py and pr.th , two nodesu and v are neighbors if the attenuation between
them ful lls

(Uv) s ®)
with the threshold attenuation
i = 1010g;0 " dB : )
Pr:th

Let ( u;v) denote the event that there is a link betweenu and v. If the
Euclidean distance s(u;v) between these two nodes is known, the probability
for ( u;v)is

P((ZU:V)J'S(U:V))= P((wv)  tnis(uv) (10)
th 1
= f,(2d2 (11)
Z 4 10logy(s(uv)=m) dB
= ) f 2( 2)d 2 (12)
This yields
. 1 1 10 s(u; V)
P(( uv)js(u;v) = > Eerf pé log1o o dB ; (13)
where the normalization term
ro=10 ~T@& m (14)

is the maximum distance granting a link in the absence of shadw fading ( =0),
and the term erf( ) denotes the error function, de ned by
2 %2
erf(z) = p— L exp 2 d: (15)

Figure 4 shows the link probability over s(u;v)=rg for =2 and 4 with di erent
values of . For =4 and =8dB, there is still a link probability of more than
5% at a distances = 2rg.
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Figure 4. Probability that two nodes with given distance can establis h a link

3.2. Number of Neighbors of a Node

The number of neighbors of a node is called its degreB ; it is Poisson distributed
according to (1). The expected value ofD can be computed by integrating
P (( u;v)js(u;v)) over the entire system plane [20], i.e.,
zZ,2, Z,
EfDg= P( js)sdsd =2 P( js) sds: (16)
0 o0 0

We are especially interested in the probability that a randomly chosen node has
no neighbor at all. This isolation probability is given by

P (iso)= P(D =0)= e EfDY: (17)

Figure 5 shows some plots oP (iso) over the node density for some typical
channel environments. These plots have been computed sohg (16) by numerical
means and plugging into (17). For example, in an environmentwith =3, =
4dB, and  =50dB, adensity > 2:8 10 *m 2 is needed to limit the isolation
probability to 10%. If the channel has a path loss exponent = 4, the density
must be increased to =2:1 10 3m 2 to achieve the sameP (iso). If we keep

= 3 but decrease the threshold attenuation to = 30 dB | this corresponds,
for instance, to a Bluetooth device with py = 100 mW and pr, = 100 W|
a much higher density is required ( = 6 10 3m 2). On the other hand, if

= 8dB instead of 4 dB, the isolation probability P (iso) decreases because nodes
can establish links to neighbors that are further away.

We also perform a number of computer-based simulations foP (iso). The
results, depicted as dots in Figure 5, validate the analyti@l results. The simulation
methodology will be explained in Section 4.3.
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Figure 5. Probability that a randomly chosen node is isolated

4. Connectivity of a Subarea Network

4.1. Problem Statement

We now consider a subarea\ of the in nite system plane, e.g., a circular area, as
shown in Figure 6. The network formed by the nodes inA is said to beconnected
if and only if there is a path between each pair of nodes iPA. Nodes outside of
A can act as relay nodes to connect nodes inside #f.

For given ; , ,andA, we are interested in the minimum value of the node
density that yields, with high probability P (con) = 99% (\almost surely"), a
connected subnetwork inA.

4.2. A Lower Bound for the Critical Node Density

The non-existence of isolated nodes is a necessary but not sient condition for

a network to be connected. Thus, the probability that none of the nodes inA is
isolated, denoted byP (no node iso0), is an upper bound for the probability that
all nodes in A are connected. That is,P(con) P (no node iso). Consequently,
the node density required to achieve, with a certain probablity p, no isolated
node is a lower bound for the node density required to achieyewith the same
probability p, a connected network, i.e.,

(P(con) = p) (P (no node iso) =p) : (18)
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Figure 6. All nodes inside the subarea A are connected

In the following we calculate the right hand side for a probablity p close to
one.

The number of nodes inA is described by the random variableN , which follows
a Poisson distribution (1) with an expected valueEfNg= = A . We require
that many nodes are located inA, say 100. To be able to achievep close to
one, the individual node isolation probability P (iso) must be very small. Given
these assumptions, the isolation of di erent nodes can be awsidered to be almost
independent events. Hence, we can state the conditional ptmability

P (nonodeisojN = n)=(1 P (is0))"; (19)

assuming that the number of nodes inA is known (i.e., n = N). To obtain the
unconditional non-isolation probability, we write

*
P (no node iso) = P (no node isoj N = n) P(N=n); (20)
n=0

which yields the double-exponential expression

P (no node iso) = exp AP (iso) =exp A exp( 2 ) (22)
. Ry .
with = 5 P( js)sds
Solving this equation for leads to the result
(P (no node iso) = p) = Ziw 1 %’ : (22)
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where w 1( ) denotes the real-valued, non-principal branch of the LamkertW func-
tion?, and In() is the natural logarithm. The fact that the LambertW functi on
is implemented in several computer tools for symbolic mathmatics eases the
computation of P (no node iso) signi cantly.

In summary, this section has derived an explicit analytical lower bound for
the critical node density that is required for almost sure cainectivity. Let us now
analyze how tight this bound is.

4.3. Tightness of Bound

For the case of no fading ( = 0), we have shown in [2,3] that Penrose’'s mathemat-
ical theorems on the connectivity of random disk graphs [21Fan be employed. It
says the following: Regarding uniformly distributed nodeswith xed transmission
rangero on a bounded area, we increasep in each node synchronously (starting
at ro = 0), such that links are added to the network in the order of increasing
length. With probability close to 1, we obtain a connected ndwork at the same
moment when we obtain a network with no isolated nodes (if is large). We can
also interpret this theorem as follows: for xed rq, the node density required
to achieve P (no node iso) close to one is a very tight lower bound for the nde
density required to achieveP (con) close to one.

An analogous phenomenon is known for pure (non-geometric)andom graph
processes, in which links between nodes are added uniformdy random (according
to Erdes and Renyi [5,12]). Also in this case, the network gets connected, with high
probability, at the moment when we add the link connecting the last isolated node.

Unfortunately, the fading channel model used in the articleat hand creates a
network graph that can neither be modeled by the purely geomtic (Penrose)
nor by the purely random (Erdes-Renyi) model. It is a \mixt ure" between both
models for graph creation, since it has a geometric as well asrandom component
in order to add links. Let us therefore investigate the tightness of the bound by
means of simulation.

In doing so, it is certainly not feasible to deploy an in nite ly large simulation
area. A method to simulating a subareaA of a homogeneous Poisson process,
however, follows directly from its de nition given in Section 2.1: As shown in
Figure 6, we consider a simulation areaB (of size B) that includes a circular
observation areaA in the middle. To avoid disturbing border e ects and to ensure
that su ciently many relay nodes are located outside of A, the distance from the
border of A to the border of B is everywhere higher than the radius ofA. We
choose a random number of noded from a Poisson distribution (1) with mean
EfMg= B .TheseM nodes are placed using a uniform random distribution over
the entire areaB . The expected number of nodes placed i\ isthenEfNg= A.

! The de nition of the LambertW function is that it satises w(  x) €“*) = x. If x is a real
number, two real values for w(x) are possible for e * x  0: the principal branch w o(x) with
Wo (X) 1, and a 2nd branch w 1(x) with w 1(x) 1. In our problem, w 1(x) yields the
correct result.
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To ensureEfNg 100, as required above, we must seEfM g 100%. Once
the nodes are distributed, we establish all links accordingto the channel and
transmission parameters subject to evaluation. We then chek in this topology
(a) whether there is an isolated node inA, and (b) whether all nodes in A are
connected. We repeat the experiment = 10000 times. Finally, we compute the
percentage of topologies with no isolated node and the perotage of connected
topologies. These percentages serve as good estimates #1no node iso) and
P (con), respectively. We then increase the node density and repeat the entire
process.

The simulation results for two di erent scenarios are shownin Figure 7. There is
a non-negligible di erence betweenP (no node iso) andP (con) at low probability
values, but both curves converge for higher probabilities.With respect to the
critical node densities, this means that

(P(con)=p) = (P (nonodeiso)=p) + ; with 0
and ! 0 asp! 1: (23)
Further simulation results of (P(con) = p) and (P (no node iso) = p) for
p = 99% are reported in Table I. In all scenarios the di erence is negligible.

The comparison of simulation and theory also validates the orrectness of the
analytical expression for (P (no node iso) = p).
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Table I. Critical Node Densities: Tightness of Bound and Com parison of Analytical and
Simulation-Based Results

th A (P(con) =99 0:05%) (P (no node iso) =99  0:05 %)
indB indB inm? inm 2 inm 2
simulation simulation with (22)
3 0 50 16 1:42 10 ® 1:39 10 3 1:41 10 ®
3 0 50 25 10° 1:56 10 ® 154 10 3 1:56 10 ®
3 4 50 16 11 103 1:1 103 1:14 10 ®
3 4 50 16 1:45 10 ® 1:45 10 3 1:45 10 ®
3 8 30 25 10° 1:97 10 2 1:.97 10 2 1:96 10 2
3 8 50 16 6:15 10 4 6:15 10 ¢ 6:05 10 4
3 8 50 25 10° 6:6 10 * 6:6 10 * 6:7 10 ¢
4 4 50 1d 7:8 10 ® 7:8 10 ® 81 10 ®
4 4 50 16 1:05 10 2 1:05 10 2 1:05 10 2

In conclusion, we can state that it is su cient to compute the minimum density
required to achieveP (no node iso) = 99 % and use this density as a tight lower
bound for the density required to achieveP (con) = 99 %.

4.4. Results and Interpretation

Given these observations, we employ (22) to compute (P (no node iso) = 99 %)
over A for a number of typical channel environments. The nal results are
shown in Figures 8 a{d. Clearly, both the area sizeA and the fading variance
have signi cant impact on connectivity. While the qualitat ive in uence of A is
straightforward, the in uence of needs deeper investigation.

Let us analyze a scenario with , = 50dB in an environment with =3
(Fig. 8b). We would like to obtain an almost surely connected network that
includes all nodes in an area of siz& = 10° m?. Without fading, a node density of

=0:0014m 2 is required. If we increase , a lower node density is su cient to
make the network connected with the same high probability (eg., = 0:0011m 2
for =4). In other words: a high fading variance \helps" the network to become
connected.

This intuitively surprising insight can be explained as follows: Regarding a
given node, fading takes away links to nodes that are locatedvithin a distance
ro around a given node, but, in turn, it adds links to nodes that are located
further away. On average, the number of added links is highethan the number of
removed links, because the number of nodes located at a distae interval [s; s+ ]
(with in nitely small ) increases linearly withs. In summary, a higher increases
the expected number of links of a node, it thus reduces the idation probability,
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Figure 8. Critical node density (P (no node iso) =99%) = (P (con) = 99 %)

which in turn improves the overall connectivity probabilit y P (con). We must keep
in mind, however, that this phenomenon only holds because auchannel model
decouples from . In a real-world scenario, a higher typically comes with a
higher pathloss , which in turn dramatically reduces the connectivity.

A related insight has been reported in [6} with respect to a slightly di erent
problem. That paper analyzes the existence of an in nitely large connected com-
ponent using methods from continuum percolation. In that case, isolated nodes
are allowed, but it is required that the whole system plane catains an unbounded

2 The paper [6] appeared in parallel to the workshop version of this article [4].
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connected subnetwork. The authors conclude that anisotrof radiation patterns

allow such an in nite component to appear at a lower expectednode degree than
perfect circular coverage does. In that case, the non-zerocourrence probability

of links that are longer than rg helps the network to percolate messages.

5. Summary and Further Work

This article studied the connectivity of multihop radio net works. As opposed
to previous research in this eld, we took into account stochastic shadowing
e ects between the nodes. Using a combination of analyticaknd simulation-based
methods, we gave insight about the impact of shadowing on camectivity: for a
given pathloss exponent , a higher fading variance improves the connectivity
behavior, i.e., a lower node density is su cient to achieve aconnected network.

The computed values of the critical node density are of pradtal relevance for
the design and simulation of wireless multihop networks. Fo example, the results
can be applied for the \planning" of sensor dust networks, whch may consist
of thousands of sensors that are randomly distributed over garticular area that
needs to be monitored. For a given sensor technology (having certain p; and pr-t, )
and a given channel environment, we now can determine the mimum density

that is needed to achieve a connected sensor network covegma certain area.
Even if a fully connected network is not desired, the above rsults give us a notion
of the \level of connectivity" in the network.

The critical node densities are also valid for mobile nodesif the node mobility
retains the spatial node distribution (see [1] for a discus®n on this issue). In this
case,P (con) gives us the percentage of time that the network is conacted, i.e.,
P (con) = 99% means that the network is connected during almostthe complete
time. Such a setup is sometimes desired in simulation-basegerformance evalua-
tion of routing protocols [16{18]. Last but not least, the results are also useful if
power or topology control [23] is employed. We then interpré p; as the maximum
possiblep; of a certain node type.

Several issues remain for future work in this area. First, itis interesting to
relax the requirement that all nodes are connected. In a scenario where some
nodes have special functions (e.g., access to the xed netwk), we are satis ed
if each node has a path to at least one of these dedicated nodeSecond, the
results of this article and the impact of interference on comectivity [10] could be
combined to a common framework. Last but not least, additioral understanding
of the connectivity dynamics, e.g., the stochastic properies of the duration of a
path between two nodes [14, 19, 25], needs further investigan.
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